Results of computations are presented to show the variations of coefficients of four different Legendre series, one for each of the four scattering functions needed in describing directional dependence of the radiation scattered by a sphere. Values of the size parameter (x) covered for this purpose vary from 0.01 to 100.0. Al adequate representation of the entire scattering function vs scattering angle curve is obtained after making use of about 2x + 10 terms of the series. It is shown that a section of a scattering function vs scattering angle curve can be adequately represented by a fourier series with less than 2x + 10 terms. The exact number of terms required for this purpose depends upoIi values of the size parameter and refractive index, as well as upon the values of the scattering angles defining the section under study. Necessary expressions for coefficients of such fourier series are derived with the help of the addition theorem of spherical harmonics.
Introduction
Currently, values of four scattering functions describing the characteristics of electromagnetic radiation scattered by a sphere are usually computed from the expressions for the same as derived by Mie.'- 5 However, these scattering functions show strong variations with scattering angle (0) when the radius (r) of the sphere is large compared to the wavelength (X) under investigation. In fact, for a sphere with size parameter x(= 2 7rr/X), a scattering function vs 0 curve shows about x number of maxima and minima as 0 is varied from 0 to 1800. For several applications, it is desirable to evaluate the field of the scattered radiation at about lOx positions in the scattering angle. 7 Furthermore, when one is interested in scattering characteristics of spherical polydispersions, it is necessary to compute these scattering functions for several hundred values of x for good reliability. 8 9 Even with modern digital computers, experience has shown that such computational tasks can be very tedious and time consuming.
Following Mie,' one first evaluates two complex quantities [Si(xm,0) and S 2 (xm,0) ], where m is the refractive index of the material of the sphere with respect to its surroundings. Values of the four scattering functions [1 2 (x,n,0) , AI,(xmO), S 21 (xm,0) , and D 2 1 (xm,0) ] are then obtained by combining these quantities. 2 The expressions for S and 2 contain functions
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7rw(cosO) and T(COSO), which are expressible in terms of the first and second derivatives of the ordinary Legendre functions, and hence produce the strong directional dependence. Hartel 10 first suggested that the expressions for these scattering functions could be simplified by the repeated use of recurrent relationships between the derivatives and products of Legendre functions."1 This would yield for each of these functions a series whose terms are the ordinary Legendre polynomials weighted by coefficients depending upon m and x only. Chandrasekharl 2 showed that a solution of the equation of transfer in the nth approximation for a general phase function can be obtained by expressing the phase function in the form of such Legendre series. Legendre series expressions for all four scattering functions were first derived by Sekera."3 Later, Chu and Churchill' 4 independently obtained similar expressions for the scalar phase function and published values of the coefficients of its Legendre series for some selected values of x.' 5 It was observed that such Legendre representation of the scattering functions of a sphere requires about 2x + 10 number of terms, while the quantities Si and S2 are fully represented by about x + 10 number of terms only. Fraser 6 used a modified Legendre series method for a limited study aimed at evaluating the characteristics of the radiation scattered by spherical polydispersions. Further progress in this direction has been hampered because of the need to include a very large number of terms before meaningful results can be arrived at.
The purpose of this paper is twofold: (1) to discuss some of the computational results for the coefficients of Legendre series representing scattering functions for spheres with size parameter up to 100; and (2) to show that for cases where only a section of the entire scatter-ing function vs 0 curve is required, equally reliable values can be obtained by including fewer terms. Such cases are encountered very frequently during multiplescattering calculations. 17 
Coefficients of the Legendre Series

Necessary Expressions
As mentioned earlier, Sekera13 has expressed the four scattering functions in the form of Legendre series. In what follows, his final results are reproduced after some minor changes for conformity with current notation, and for adaptability to automatic computations. The first scattering function appearing in Van (8) and bk-l) = k 2)2 bo(k-3). (9) For k = 1, a(O) = 2 and bo(°) = 1. Then for m > k', am(k-) is obtained from the following recurrence relationship:
and for i > 0, b(k1-) is given by The Legendre coefficients Lk(j)(x,m) are given by
k'
For even values of k > 2, the quantities am(k-1 ) and b(k-1) are first computed using the following recurrence relationships for a value of m = k' and i = 0, respectively:
and (13) bW
For k = 2, ao(l) = and boM1' = 2. Then for'm > k', am(k-) is obtained after making use of the following recurrence relationship:
and for i > 0, b(k-1) is obtained from (14) Lk ( 4 )
The superscript asterisk (*) represents the complex conjugate of the corresponding function. The symbols Re ] and Im[ ] imply the real and imaginary part, respectively, of the complex quantity within the enclosed brackets. For odd values of k > 1, the quantities am(k-) and bi(k1-) are first obtained after using the following recurrence relationships for a value of m = k', and of i = 0, respectively: (15) Finally, the complex functions CQ(x,m) and Dk(xm) [where k here stands for p or q in Eqs. (2)- (5) ] are computed from the values of the complex Mie amplitudes an(x,m) and bn(x,m) (Refs. 4 and 7) by means of the following formulas: (16) and (17) where for Eqs. (16) and (17) , p = k + 2i -2. Evidently, ao(x,m) = b(x,m) = 0.
Variations of the Legendre Coefficients with Size Parameter
The values of the Legendre coefficients L(x,m) were computed for several values of x and m = 1.342 using an IBM System/360 Model 91 computer and double precision arithmetic. Starting with a value of x and m, the CPU time required for computations of all coefficients for x = 10 and 100 was about 0.1 see and 16 sec, respectively. Values of the scattering functions 1112, M 1 , S 21 , and D21 as obtained from the use of Eq. (1), and from the values of Si(xm,0) and S 2 (xm,0), were found to agree up to five significant figures for several test cases for which some manual checks were performed. In what follows, we shall refer to the normalized coefficients given by (18) where Q,(x,m) is the so-called efficiency factor for scattering. 2 The values of the first five normalized coefficients for j = 1 and forx = 0.01, 0.1, and 1.0 are given in Table I . Values of the first 35 normalized Legendre coefficients for j = 1 through 4 are presented in Table II for a sphere with size parameter x 10 and m = 1.342. The main purpose of this table is to provide the reader with at least one complete set of values which he can use for independent checking of his computer program. Except for round-off errors, all the values are expected to be correct up to five significant places. It should be added that scattering functions for various values of 0 should be computed from values which carry all significant figures available inside the computer. From Table II , it can be seen that the series for each of the scattering functions can be terminated after about 30 terms, i.e., the upper limit for summation in Eq. (1) is not infinity but N, where N 2x + 10.
In a The number in the parenthesis represents the power of 10 by which the preceding number is to be multiplied, e.g., 5.0 (-01) = 5.0 X 10-'. If there is no parentheses after the number, the power of 10 is equal to zero.
Only a few of the coefficients assume negative values, e.g., for x = 50, the coefficients A,(l)(x,m) are negative for k = 104, 105, 106, and 110 only. For these three values of x, Al(')(x,m) is very close to unity, and again the series can be terminated when N-. 2x + 10. The curves of A,(')(xm)I vs subscript k are fairly smooth except for n > 2x, where the slope is very steep. their highest values when k -2x; it is not so for the other three cases (e.g., Fig. 1 ).
To determine the scattering properties of a unit volume of spherical polydispersions, it is necessary to integrate the unnormalized Legendre coefficients over the size-distribution. For this purpose, it is desirable to study, in some detail, variations of LjcM (xm) as a function of x. In Fig. 4 JIX2 as a function of x (solid curve, Fig. 7 ) are also similar to those for the other two functions (j = 1 and 2 described above. This function is, in general, positive except for 11.65 < x < 11.95. As was the case .j=2 (4) .j=3
for k = and 16, the variations in L 26(xm) as a function of x show very sharp maxima and minima. As before, this function is, in general, negative except for 11.65 < x < 12.20, x = 12.95, and 14.05 < x < 14.55.
15
From the discussion of the results for several representative cases given above, it is clear that reliable ndre series for values of the Legendre coefficients of the series repreas a function senting scattering functions of spherical polydispersions can be obtained only after integrating with a fine incre- 
Ill. Coefficients of Fourier Series
Necessary Expressions
For multiple-scattering calculations, it is convenient to transfer the reference system from the plane of scattering to two vertical planes containing the direction of incidence, or that of scattering. Let 0 and 0' be, respectively, the angles which the directions of incidence and scattering make with local zenith, and so and so' be their azimuths referred to an arbitrary vertical plane.
Denoting gi = cos0 and Au' = coso', we have for the scattering angle 0
Expanding the Legendre polynomials [Eq. (1) 
where 61n is the Kronecker delta function given by n = 1 when n = 1 and otherwise zero, and the Pkn(1A) are the associated Legendre functions of degree k and order n. The summation limit is lowered from infinity to N following the results presented in Sec. II above. Inverting the order of summation on the right-hand side 
and F.(x)(x,m,,u',p) for a Few Selected Values of JA'; x = 10.0, m = 1.342, , = 0.0 
Results of Computation
Values of FY(U)(x,m,4',,u)
were computed as a function of n for several combinations of x, LA', and /u, and for all four values of j. We shall limit our discussion to selected numerical results for three values of x only, viz., 0.01, 10.0, and 100.0. For x = 0.01, computed values of the fourier coefficients were found to agree up to five significant figures with those obtained from Eqs. (Table III) are even less than those given above. From Table III , it can be seen that the shape of the N(A',,4) vs ' curve is not very sensitive to the numerical factor in the criterion.
Absolute values of the coefficients Fn(') (100.0, 1.342, A', 0.0) of the fourier series for the normalized scattering function M 2 (x,m,0) are plotted in Fig. 8 for three values of ' for which ' = 100, 500, and 900. The case / = 0.0, /.t' = 0.0 corresponds to representing the entire scattering function curve ( = 0 to 1800) by a fourier series. On comparison with the corresponding curve in Fig. 1 , it can be seen that the Legendre coefficient vs its subscript k curve shows a broad maximum at k* 90, while the fourier coefficient vs n curve shows a maximum at n = 2. However, N, the maximum of terms necessary for achieving a desired accuracy, is about the same for both cases. In general, values of Fn(i)(xmu',y) decrease as ' is decreased from 900 to 100. However, variations in this quantity with n are very strong when 0' 900. Hence, a part of the numerical results (between n = 7 and 50) are not plotted for 0' = 50 to avoid confusion. It can be seen from Fig. 8 that the   variable upper limit N(M',,) , mentioned earlier, decreases rapidly with 0'.
Further details about variations in N(A',A) as a function of 0' and 0 can be found in Table IV Table  IV . However, the value of N(L',M) near the plateau 1  1  1  10  45  47  48  20  83  82  84  30   111   115  117  40  117  144  150  50  116  171  170  60  117  190  190  70  115  190  206   80   117  192  215  90  118  189  217  100  117  190  215 is approximately 190 and 217 for 0 = 600 and 900, respectively. Similar trends were also observed for other values of x for which computations were performed.
IV. Conclusion In the foregoing sections, we have shown that reliable values of the directional scattering properties of a sphere can also be obtained with the help of modified Mie expressions' 3 where each of the four scattering functions is expressed in the form of a Legendre or fourier series. The task of computing coefficients of these series and of computing values of scattering functions therefrom is usually much more tedious than that of doing the same using the well-known Mie method currently employed by other investigators. In fact, experience has shown that the difference in computational time for identical tasks using these two methods, though negligible for ,=500 small values of size parameter (x -1), increases very rapidly thereafter. Thus, the alternate method described in this paper would be unattractive when one is interested in computing scattering functions for a few values of scattering angle. The advantages of using this alternate method become apparent when one faces the problem of obtaining a very fine picture of the directional dependence of scattering characteristics for spherical polydispersions encountered in the atmosphere. 9 From the results presented here (Figs. 4-7 curve can be fully represented by a fourier series whose upper limit depends upon the boundary of the section under study. If this section is a small part of the entire curve, this limit is much less than the maximum possible value, which is approximately equal to 2x + 10. If this finding can be successfully used in multiple-scattering calculations, one can simplify the computational task considerably. Some work in this direction has been carried out, and preliminary results of this investigation can be found in a recent report.' 7 Some relief in computational time may be obtained if a recurrence relationship can be set up for computations of C and Dk directly from x and m instead of making use of Eqs. (16) and (17) . If it should be possible to obtain recurrence formulas which can be used for computations of LU)(x,m) directly from x and m, the computational task might become very light indeed. Further work aimed at obtaining such recurrence relationships is very desirable.
